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ANALYSIS CONTINUOUS STRUCTURES JOINT ROTATION 


Charles Looney,! ASCE 


SYNOPSIS 


method analysis described for the determination the moments 
continuous structure due unbalanced moment unity each joint. 
This method determines directly the relative stiffnesses the members 
meeting joint restrained the far ends adjacent members, that 
the unbalanced moment unity can proportioned directly between the 
members, Further, the carry-over moments all the other members 
the structure are determined directly. 


the process designing continuous structure several analyses must 
often The determination maximum stresses due live load re- 
quires several analyses the computations for influence lines, the deter- 
mination the stresses due temper ‘ure, shrinkage, settlement side- 
sway. The method analysis presented here offers practical solution 
the direction 

repeated analyses are required, the labor can reduced the deter- 
mination the moments due unbalanced moment unity each joint. 
The analysis then made finding the fixed end moments due any load 
displacement and adding these the product the fixed end moment times 
the corresponding moments due unbalanced moment unity. this way 
the moments the ends all the members may found, Given the mo- 
ments the ends, analysis for shear, moment, reaction may sepa- 
rated into two parts; first, analysis which all members are considered 
simply supported, and second, analysis considering only end 
The total the two parts gives the shear, moment 

The following method analysis offers new means determining the 
moments the structure due unbalanced moment unity each joint. 
This method determines directly the relative stiffness the members meet- 
ing joint restrained the far ends adjacent members, that the un- 
balanced moment unity can proportioned directly between the members. 
Further, the carry-over moments all the other members the structure 
are determined directly. 

This method analysis illustrated three-span continuous beam 
with relative stiffnesses 1:2:4, shown Figure and carry-over 
factor -0.5 for all members. The moments the ends all the members 
are found, due external moment the right end and also due 
moment the left end These moments, due moment the right 
end and the left end, are proportional the carry-over moments. The 
stiffnesses are obtained simultaneously from the same analysis. 

The analysis for external moment the right end shown de- 
tail series steps, and each step illustrated deflected structure 
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order emphasize the physical picture. The joints are rotated order 
and from the left right and the moments determined. 

First, rotate joint any amount, assuming the far end the member 
fixed amount was assigned which determined the carry- 

Second, rotate joint cancel the moment assuming the far 
ends the members fixed and Since hinged, the moment 
there should zero. carry-over moment from will cancel the +2, 
The moment will therefore The moment the right 
-8, determined the relative stiffness the two member 


The carry-over moment +4. 

Third, rotate joint balance the moment assuming the far ends 
and the moment the right -8. These moments can balanced 
equals that the left. Then the moment will -22 (+11 -0.5). 
The moment the right +44, determined the relative stiffness 
the two members (22 The carry-over moment -22. 


Fourth, rotate joint balance the moment assuming the far end 
the member fixed moment -62 will balance the moment 
and the moment therefore +124 (-62 The last line Fig. 
shows the final moments due external moment the right end 

This analysis, explained above detail, repeated condensed form 
Fig. identified “moments D”. similar analysis carried out 
from right left for moment the left end and identified “mo- 
ments A”.2 

The analysis shown for the moments and all that re- 
quired order obtain the moments due unbalanced moment unity 
each joint. The moments the structure the left moment unity 
will proportional the moments (0, +3, -18 and +102); and the mo- 
ments the structure the right moment unity will proportional 
the moments (+51, -18, and 0). These are therefore called carry- 
over factors the left (moments D), and the right (moments A). 
The moment unity will divided between the members joint pro- 
portion the relative stiffness when the far ends the members are re- 
strained the adjacent members the structure. The stiffness, when the 
far end restrained the adjacent members, will called modified 
ness order distinguish from stiffness usually defined, with the far 
end fixed. 

The modified stiffnesses all members are shown Fig. and they are 
obtained directly from the moment analysis. The modified stiffness 
shown the stiffness which 1.3 The final moment +3, 

and the moment required rotate when the far end fixed +4. 
Therefore the modified stiffness the stiffness BA, which 


the structure were symmetrical would not necessary repeat 


this analysis. 
These are actually relative modified stiffnesses since the, relative 
stiffness. 
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this same reasoning, the modified stiffnesses and are re- 
spectively and The modified stiffnesses the left ends the 


members are obtained from the analysis for the moments from 


the same reasoning the modified stiffnesses AB, and are 


The unbalanced moment unity divided between the members pro- 
portion the modified stiffnesses and the carry-over moments are propor- 
tional the carry-over factors shown Figure shows all the an- 
alysis necessary for the determination the moments due unbalanced 
moment unity each joint and the structure were symmetri- 
cal, only half these computations would 

For clockwise moment unity the moments will proportional 
the carry-over factors the right (see Fig. 2). The moment will 
and the moments the right proportional the carry-over factors 
+51, -18, and will +0.118 and (see Fig. 3). 


clockwise moment unity will divided between the members 
proportion the relative modified stiffness (RMS) the members The 
unity divided this proportion: the left and the right. 
The moments the right will proportional the carry-over factors 
the right. The moments the right proportional the carry-over factors 
-18, and will -0.235 and The carry-over factors the left 
determine the moments the The moments the left proportional 
the carry-over factors and will and 


clockwise moment unity will divided between the members 


the RMS Therefore the moment unity divided this pro- 


portion: the left and the right. The moments the right 
proportional the carry-over factors the right, and will 

and The moments the left proportional the carry-over factors the 
left, and -18, will +0.059 and 


For clockwise moment unity the moments will proportional 
carry-over factors the left. The moment will and the mo- 
ments the left proportional the carry-over factors +3, -18 and +102 
will -0.029, +0.177 and 


Another proof may used 


Moment 
4° 


Unit Rotation 


Modified Stiffness BA, 


Figure gives example the use these coefficients for unbalanced 
moment unity and shows how repeated analysis may simplified. this 
example the load span results fixed end moments -100. The FEM 
-100 clockwise moment the joint, multiply the coefficients 
for unbalanced moment unity 100. The FEMof -100 Bisa 
moment the joint multiply the coefficients for un- 
balanced moment unity The final moments are obtained 
adding the original FEM and the product the FEM and the corresponding 
moment coefficients, 

These moment coefficients are useful the analysis for maximum mo- 
ments, shears reactions due live The position the live load can 
determined approximately means sketch the influence line using 
Muller-Breslau’s principle. With the approximate position known, few com- 
putations, shifting the live load this vicinity, will determine accurate maxi- 
mum values, Moment coefficients can used determine maximum mo- 
ment and shear diagrams simply moving the live loads across the structure 
and making repeated analyses for the moment and shear diagrams for succes- 
sive positions the live The envelop these moment and shear dia- 
grams the maximum diagram. The principle involved very simple and 
the moment coefficients reduce the analysis reasonable proportions, 

Influence lines can obtained computing the quantity desired due 
load unity for several positions the structure. The moment coefficients 
are useful for this repeated analysis. sketch the influence line valu- 
able for placing the load unity for minimum number controlling ordi- 
nates, 

Where exact influence lines are required, the following systematic proce- 
dure using moment coefficients particularly useful. This procedure 
based the fact that continuous structure can treated number 
simply supported members with end moments. The moment, shear reac- 
tion, due any cause, can computed the sum the moment, shear 
reaction for simply supported member and the moment, shear reaction 
due the end moments, 

The influence line ordinates can therefore obtained combining the 
influence lines for simply supported members with influence lines for end 
moments. systematic procedure would therefore consist the following 
steps. 


Compute the influence line ordinates with all members simply supported. 
Find the moment coefficients for unbalanced moment unity each 
joint, 

Find the moment, shear, reaction desired due fixed end moment 
the ends each member. 

Multiply the results the corresponding influence line ordinates 
for fixed end moment, 


Add together the influence line ordinates from for the simply supported 
beam, with the influence line ordinates from and for the end moments, 
The use influence line ordinates for fixed end moments convenient since 
accurate tables influence line ordinates for fixed end moments have been 
published, 

This method analysis applicable continuous beams and viaducts, 
The analysis can applied building frames under conditions where “the 
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live load may considered applied only the floor under considera- 
tion, and the far ends the columns may assumed provides 
for systematic computation the maximum moments and shear for build- 
ing frames with full span The reduction labor and the systematiz- 
ing computations made possible this method analysis makes the com- 
putation maximum stresses and the study variables practical design 
office procedure, 

Figure illustrates the use this method analysis for part build- 
ing frame with the columns fixed top and bottom, The relative stiffnesses are 
for the beams, for the exterior and for the interior columns, The carry- 
over assumed -0.5 for all members, 

The dead load moment and the maximum live load moment will comput- 
the ends and center each span, The steps this analysis are fol- 
lows. 


Compute the moment coefficients for the ends the beams for un- 
balanced moment unity each joint. 

Compute the moments the ends and centers with each span loaded 
separately. Assume fixed end moments and total moment 


+1.5 (this proportional fixed end moment and total 


Add all moments (2) obtain dead load moment coefficients, 

Add all positive moments (2) obtain maximum positive live load 
moment coefficients and add all negative moments (2) obtain maxi- 
mum negative live load moment coefficient. 


Figure shows the moments, determined before, the joints are suc- 
cessively rotated from left right. Starting the left, rotated and the 
moments +8, and are selected proportion the relative stiffnesses 
the members. Then rotated balance and -12, the carry-over mo- 
ment from +24 required bring about this balance, The other 
moments -12, -24 and +12, are proportional the relative stiffnesses 
the members, This procedure, illustrated detail Fig. followed 
the right end The relative modified stiffnesses BA, CB, and 
can determined shown the figure. The carry-over factors are ob- 
tained from the beam moments and are for moments the left the unbal- 
anced moment unity. 

The relative modified stiffnesses for AB, BC, and are the reverse 
the computed ones because symmetry. The carry-over factors for mo- 
ments the right the unbalanced moment unity are the reverse the 
computed This analysis all that required for the computation 
the moment coefficients for the frame, 

For clockwise moment unity the moments will proportional 
the relative modified stiffnesses the members the beam moment 
will 3.66 (3.66 0.647. The moments the left are propor- 
tional carry-over factors the left -4, +20, +44, -124, -260, +724, +1516 
and For moment the beam moment the left 
0.303. The moments the left are proportional the carry-over factors 
the left -4, +20, +44, -124, -260 and +724; and the moments the right are 
proportional the carry-over factors the right +20 and -4, 


Building Code (318-51) 610, 702 (a). 
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The moments due clockwise unbalanced moment unity and 
are found the same The moments due load each span 
can now computed easily. Fixed end moment and total moment 
+1.5 will assumed, With span loaded, there will fixed end moments 
and -1. these moments add the moment coefficient for unity 
and subtract the coefficient for unity For example, the moment 
(left) and -0.111 (right), the moment the center re- 
quired, can obtained from these end moments since the moment the 
center equal the average the end the loaded span the 
positive +1.5 must added the average end moments. For example, 


span the average end moment (-0.414 0.929) which, when 
added the total positive +1.5, gives +0.828 for the moment the center 


average the end 

which the moment coefficients for unity are added and from which those 
for unity are subtracted, This repetition the procedure for AB. 
Given the moments due loading each span separately, the dead load mo- 
ments and the maximum live load moments are obtained simple addition. 
For dead load all moments are totaled since all spans are loaded. For maxi- 
mum positive live load moments all positive moments are totaled and for 
maximum negative live load moments all negative moments are totaled. 

Since these moments are for fixed end moment -1, the maximum dead 
plus live load moments are obtained multiplying the actual fixed end 
moments and adding. 

The analysis described limited continuous beams, viaducts, and 
building frames fixed the top and bottom columns the example. 
The effect sidesway viaducts can introduced that the moment co- 
efficients include this factor, This analysis can used building 
When turning the successive joints building frame closed path pos- 
sible. This complicates the analysis and the marked simplicity shown the 
examples given lost. 
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